This article presents a procedure to improve the accuracy of calculated stiffness matrix of a structure based on the identified modal parameters from its measured responses. First, a continuous wavelet transform is applied to the measured responses of a structure, and the state-space model can be reconstructed by the wavelet coefficients of acceleration that can be obtained from the measured noisy responses. The modal parameters are identified using the subspace approach. Second, the identified mode shapes are corrected via Gram-Schmidt process. Finally, the identified natural frequencies and the corrected mode shapes in previous steps are utilized to build the stiffness matrix of structure. The accuracy of the proposed approach is numerically confirmed, and the noise effects on the ability to precisely identify the stiffness matrix are also investigated. The measured data of two eight-story steel frames in a shaking table test are analyzed to demonstrate the applicability of the procedure to real structures.
Introduction
Damage to a structure is caused by many sources, especially intense loading during a strong earthquake and the degradation of structural material. Identifying the location and level of structural damage is critical to the investigation of the serviceability and safety of structures. Early evaluation of damage or structural degradation is essential for preventing disastrous accidents. Studies on structural health monitoring have been receiving increasing attentions in the field of civil engineering.
The modal parameters of a structure can be used to figure out the stiffness characteristics of a structure. For this reason, the damaged structures can be detected by the change of the modal parameters. In recent decades, the modal identification methods that are implemented in time domain, frequency domain, or time-frequency domain are simple and extensively adopted. [1] [2] [3] Various formulations in time-frequency domain are performed to process the noisy data from various field tests. 4, 5 The proposed procedure is a 1 typical example of the cooperation between a statespace model and a subspace approach 6, 7 in timefrequency domain for the modal identification. However, the accuracy of the identified modal parameters is always reduced by the imperfections of the measured responses, which usually comprise certain noise from unknown input or system resolutions.
Due to the strong capability of data de-noising, continuous wavelet transforms have been discussed in some studies that aim to identify the modal parameters of a linear system. [8] [9] [10] Huang and Su 11 utilized continuous wavelet transform for the earthquake responses of a structure using various wavelet functions. They proposed modal identification procedures that are based on a time series model to determine structural modal parameters of the system using the coefficient of a wavelet transform.
As mentioned previously, the identified modal parameters could be used to observe whether the structure is damaged or not. But, the damaged location is difficult to be found from the results of modal identification. A stiffness matrix-based approach 7, 12 that employs identified modal parameters and given mass properties is a vibration-based damage detection approach for finding the damaged location. The stiffness parameters have been identified for controlling the flexible members in robotic manipulator or marine riser system. [13] [14] [15] In the ideal experimental condition, the clear and noise-free responses would be measured. However, the noisy vibration is always obtained in the on-site test; for this reason, the de-noising procedure needs to apply on the modal identification process.
Despite the de-noising procedure reducing the influence of noise in the frequency identification, it often removes certain parts' signal energy and causes identification error for mode shapes in higher modes. The orthogonality property, which cooperates with the mass and stiffness matrices of the mode shapes, can be used to correct the identified mode shapes. In linear algebra, many orthogonalization algorithms and approaches have been proposed and widely used for computing an orthogonal basis, such as Householder transformations, Givens rotations, and Gram-Schmidt process. 16 There are two basic computational variants for executing the Gram-Schmidt process: the classical Gram-Schmidt algorithm and the modified Gram-Schmidt algorithm. 17 For the rounding error, the classical GramSchmidt algorithm may produce a set of vectors which is lost orthogonality. 18 The modified Gram-Schmidt algorithm has better numerical properties stable than the classical Gram-Schmidt algorithm. 19 This study proposes a comprehensive procedure to accurately obtain a stiffness matrix using the identified modal parameters based on Gram-Schmidt process.
The identified modal parameters are calculated from a subspace approach in Morlet wavelet domain. The identified mode shapes are corrected by applying the given mass properties and Gram-Schmidt process. The structural stiffness parameters can be calculated via the previous identified natural frequencies and the corrected mode shapes. The applicability of this approach was verified in a numerical analysis using simulated earthquake acceleration responses of a six-story shear building. The measured noisy responses and input with 10% variance of the noise-to-signal ratio (NSR) are processed. The proposed procedure was successfully applied to the measured acceleration responses of two eightstory steel frames in a shaking table test and proved the feasibility of this procedure in practical cases. The columns in the first and third story of the steel frame were constructed of steel plates with cutoff.
Methodology

Subspace approach in Morlet wavelet domain
In the case of a linear structure, the equation of motion for the dynamic responses can be expressed as follows
where M, C, and K represent the mass matrix, damping matrix, and stiffness matrices, respectively, of the system; € x is the measured acceleration response vector; _ x is the measured velocity response vector; x is the displacement response vectors; and f represents for the input force vectors. Consider that the observed degrees of freedoms apply to the case of incomplete observation and only acceleration or velocity responses are measured. Here, the expression y ¼ Lx is used to describe the observed responses, in which L is a matrix with components equal to 0 or 1 according to the nonobserved or observed conditions.
The state-space model is generally considered in the following formulation
where A, B, E, and D are the system matrices that are related to M, C, and
As shown in equation (2), the following recursive formula can be obtained
Applying the continuous Morlet wavelet transform to equation (3) and treating y and f as vector functions yield the following
where the definition of the continuous wavelet transform for a function f ðtÞ can be written as follows
Variable a is the dilation of the scale parameter, variable p is the translation parameter, and c s ðtÞ is the mother function. The superscript * denotes the complex conjugate. Morlet wavelets are utilized to form equation (5). Equation (6) 
where the two sets W c s y k;s and W c s y k;s are the coefficients of Morlet wavelet transform of y k and f k , respectively. Equation (7) can be re-written as followŝ
A brief summary of the subspace approach procedure, which was organized by Huang et al. 7 and in more detail by Huang and Lin, 6 is described as follows 
10. Calculate A by solving the linear equation
Identification of modal parameters
The modal parameters of a system are generally identified using the eigenvalues and eigenvectors of the system matrix A in equation (2) . The terms of the spacestate variable are used to express the equation of motion. However, matrix A cannot be directly determined from the preceding derivation. To identify the modal parameters of a structure, employ matrix A, which is characterized as follows
where l j and ϕ j are the jth eigenvalue of A and the jth eigenvector of A, respectively, and l j and ϕ j are the jth eigenvalue of A and the jth eigenvector of A, respectively. In equation (11), ϕ j cannot be estimated because T n is unknown. To overcome this challenge, the modal shape ϕ j;y , which corresponds to the observed degrees of freedom, needs to be determined first.
Based on the scheme in section ''Subspace approach in Morlet wavelet domain,'' a new relationship can be determined
The eigenvalues of A and A are complex numbers and can be expressed as follows
From the relationship between the eigenvalues of A and A in equation (11), one has
The modal parameters of the structural system can be determined as follows
where v j is the jth pseudo-undamped circular natural frequency, and j j is the jth modal damping ratio of the structural system.
Construction of stiffness matrix
Consider the equation of motion of a structural dynamic response, as shown in equation (1), and assume the damping properties in structure, the modal mode shapes perform the orthogonality property with the mass and stiffness matrix 20 as follows
where M D is the diagonal modal mass matrix, and K D is the diagonal modal stiffness matrix of the structure. The square of the modal frequencies is described as an equation of matrix L as follows
Assuming that the mass matrix was given, the stiffness matrix can be obtained as follows
However, the error in the identified higher modal is larger than the errors in other identified modals because the de-noising procedure removes certain parts' signal energy. For this reason, a correction procedure of identified mode shapes based on the Gram-Schmidt process is proposed. First, one can obtain the identical equation as follows
As shown in equation (12), ϕ is a unitary matrix. The column vectors of ϕ are implied to be an orthogonal set. However, theφ constructed by the identified mode shapes during the de-noising procedure is not a unitary matrix. In this situation, the column vectors of ϕ comprise a linear independent set. Gram-Schmidt orthogonalization, which is also referred to as the Gram-Schmidt process, is a procedure that takes a nonorthogonal set of linearly independent functions and constructs an orthogonal basis over an arbitrary interval with respect to an arbitrary weighting function. The complete procedure is described as follows:
1. Define the projection operator
2. Calculate orthogonal vectors
Pφ jφi ð Þ ð22Þ
Based on the given mass properties, the GramSchmidt process is applied to the identified model shapes. The identified higher modal is corrected, and the stiffness matrix can be constructed.
Numerical verification
To prove that the proposed procedure is sensitive and realizable in the numerical analysis, a six-story shear building (Figure 1 ), which is simulated by RungeKutta method, was subjected to the 1999 Chi-Chi earthquake at the base. The modal damping ratio is set to constant value of 5% in the simulation process. Table 1 lists the theoretical modal parameters of the six-story frame. Figure 1 describes the acceleration responses of the shear building and the input excitation at t = 5-45 s with Dt = 0.005 s, which were employed in the identification process. The frequency response function, which is well-known modal identification approach, was usually used to describe the resonance frequencies of system. Figure 2 reveals the rough natural frequencies of the structure in 0.85, 2.3, 3.6, 4.8, 5.7, and 6.2 Hz, but the sixth modal is not very obvious.
The modal assurance criterion (MAC) proposed by Allemang and Brown 21 was used to check agreement between the identified mode shapes and the theoretical mode shapes 
Effects of noise
Corrupted noise always exists in the measured responses.
To challenge this situation in the numerical process, the simulated responses and input excitation were randomly added by 10% variance of the NSR of noise. The processing of noisy responses reveals the difficulty of obtaining accurate results for each mode at s \ 10. When NSR = 5%, the first to fourth modes attained accurate damping results at s . 35; the fifth mode attained accurate damping result at s . 45; and the sixth mode could not obtain accurate damping result for s \ 50. Figure 3(a) describes the stabilization diagrams of the identified results obtained from the noisy responses without filter.
In the Morlet wavelet domain, the interested frequency bands are retained. The continuous wavelet transform typically performs a frequency filter effect. Figure 3(b) illustrates the stabilization diagrams of the identified results in the case of processing noisy data with Morlet wavelet de-noising. The identified results via a filter theorem are as follows: the first to fourth modes attained accurate damping results at s . 15, the fifth mode attained accurate damping result at s . 18, and the sixth mode could not obtain an accurate damping ratio for s \ 22. Figure 3 reveals the more accurate natural frequencies of the structure than the frequency response function in 0.846, 2.310, 3.575, 4.829, 5.747, and 6.207 Hz, including the highest modal. Some interested frequency ranges were kept, which was useful for obtaining accurate damping results.
As mentioned previously, the existing error in the identified higher modal was larger than the errors obtained for the other identified modals because the denoising procedure removes certain parts' signal energy. Figure 3 reveals that the de-noising procedure significantly altered the identified fifth and sixth mode shapes, and its MAC values are less than 0.98. Figure 4 shows that the MAC values after the Gram-Schmidt process and modified Gram-Schmidt process are applied to the identified mode shapes using various values of s. The identified fifth and sixth mode shapes are corrected and its MAC values exceed 0.99 at (I, J) . 10. The identified mode shapes were corrected by classical Gram-Schmidt algorithm compared a bit poorly with that was corrected by modified Gram-Schmidt algorithm, but not obvious. The identified mode shapes are independent and like orthogonal set; for this reason, similar results can be obtained by these two algorithms.
Constructing a stiffness matrix
For the assumption of a given mass matrix, combined with the identified natural frequencies and corrected mode shapes, the stiffness matrix of a structure can be determined by equation (18) . Considering the original shear building model as ''frame A,'' ''frame B'' was created by reducing the local stiffness of the first story and third story of ''frame A'' to 800 and 1200 kN/m, respectively. Because both models are shear building, the theoretical stiffness matrix of both models is a tri-diagonal matrix, and one will focus on the relative errors of tridiagonal elements in the following numerical study. Table 2 lists the relative errors of the calculated stiffness matrix using equation (18) . The modal parameters that would be used in equation (18) were identified from the noisy simulation dynamic responses in the Morlet wavelet domain. For the ''frame A'' and ''frame B,'' the maximum relative errors are 7.827% and 7.033%, respectively. Evaluating whether the variant of the local stiffness is less than 5% is difficult based on the identified modal parameters. For this reason, the difference of local stiffness between ''frame A'' and ''frame B'' which were created without a mode shape correction procedure is not very clear. The proposed procedure is used to create the stiffness of ''frame A'' and the stiffness of ''frame B'' from the noisy dynamic responses. Table 3 also lists the relative errors of the calculated stiffness matrix using the Gram-Schmidt process and equation (18) . The modal parameter that is employed in the Gram-Schmidt process and equation (18) was also identified from the noisy simulation dynamic responses in the Morlet wavelet domain. For ''frame A'' and ''frame B,'' the maximum relative errors are 3.780% and 3.932%, respectively. Evaluating whether the variant of the local stiffness exceeds 5% is easy based on the identified modal parameters. Therefore, the difference in local stiffness between ''frame A'' and ''frame B,'' which were created by the proposed procedure, is very clear.
Application to a shake table test
To extend the applicability of the proposed approach when using practical measurements, the responses of two eight-story steel frame were measured in shaking table tests. The tests were performed in the laboratory of the National Center for Research on Earthquake Engineering in Taipei City, Taiwan ( Figure 5 ). The first frame, which is structurally regular, was denoted as ''standard.'' The length, width, and height of the frame were 1.8, 1.2, and 8.5 m (Figure 5 ), respectively. Lead plates were piled on each floor such that the total mass of the steel frame was approximately 4.519 tons. The second frame, which is structurally irregular with respect to stiffness and denoted as ''cutoff'' was identical to ''standard,'' with the exception that the columns of the first and third stories were constructed of steel plates with cutoff, as shown in Figure 6 , and others are constructed with intact steel plates.
Both frames were subjected to base excitations of the 1999 Chi-Chi earthquake, which occurred on 21 September 21 1999 in Chi-Chi, Nantou County, Taiwan, with a 100 gal (1 m/s 2 ) reduced level. Data were recorded at a sampling rate of 200 Hz. The acceleration responses of the base and all floors at t = 5-35 s were employed in the evaluation of modal parameters of the frame. Figure 5 displayed the base excitations and acceleration responses of all floors in the long-span direction of the ''standard'' frame, which was subjected to a 100 gal loading of the 1999 Chi-Chi earthquake. Table 4 summarizes the identified modal parameters of both frames, and Figure 7 shows the identified mode shapes that were corrected by the Gram-Schmidt process. Figure 6 implies that the columns of the first and third stories, which were constructed by steel plates with cutoff, did not significantly alter the mode shapes. As expectation, the identified frequencies of the ''standard'' frame are slightly larger than the identified frequencies ''cutoff'' frame. Even in the higher modes, the identified modal damping ratios for different frames were smaller than 2%. A 2% of modal damping is typically adopted in the dynamic analysis of a steel structure in the design process. Table 5 shows the final identified stiffness matrix of both frames. Variables K (i)(i 2 1) in the stiffness matrix represent the local stiffness of the story between the ith and i 2 1th floors. Table 6 lists the relative errors between the ''standard'' and the ''cutoff'' frames. K 1g in Table 6 indicates the stiffness values of the structural elements between the first floor and the ground floor, where
For the condition when both the ''standard'' and the ''cutoff'' frames were subjected to a 100-gal Chi-Chi earthquake loading, the relative errors of the local stiffness between ''standard'' and ''cutoff'' frames are listed in Table 6 . Compared with the ''standard'' frame, the stiffness values for the second, fourth, fifth, sixth, seventh, and eighth floors of ''cutoff'' frame do not Figure 6 . A photograph of a steel plate with cutoff.
significantly change, but the stiffness values of the first and third floors decrease to 8.864% and 8.008%, respectively. These values reveal that the first and third stories of the ''cutoff'' frame were slightly damaged. 
Conclusion
This study presented an orthogonalization-based approach for correcting the identified mode shapes that were evaluated from structural dynamic responses in Morlet wavelet domain. The corrected mode shapes and given mass properties will be used to create an accurate stiffness matrix of a structure. This procedure is divided into the following three stages: (1) identifying the modal parameters of a structure from measured seismic responses, (2) assuming that the mass properties were given and correcting the identified mode shapes via the Gram-Schmidt process, and (3) constructing the stiffness from the identified natural frequencies and correcting the mode shapes. In the modal identification stage, a continuous Morlet wavelet transform was applied to the measured responses; therefore, the state-variable model was reconstructed in the wavelet domain. The modal parameters of the structure were calculated from subspace approach. To reduce the numerical error of the identified mode shapes during the de-noising procedure, the mass properties and Gram-Schmidt process were used to correct the identified mode shapes. The identified natural frequencies and corrected mode shapes were employed to construct the stiffness matrix of the structure.
To validate the proposed procedure, the numerically simulated responses of a six-story shear building model subjected to earthquake input were employed in the identification process. The noise effects on the ability to precisely identify the stiffness matrix were also investigated. The proposed procedure determined stiffness parameters that were more accurate than the stiffness parameters of the procedure without mode shape correction.
The real measured data of two eight-story steel frames, with a length, width, and height of 1.8, 1.2, and 8.5 m, respectively, from a shaking table test are analyzed to demonstrate the applicability of the proposed procedure to real structures. The proposed method successfully proved that the stiffness values of these two frames differed between the first story and third story. This comprehensive procedure, which was applied to the experimental responses, demonstrates its practical applicability to a real symmetrical building. Note:
The bold values are to highlight the significant changes in the relative error of stiffness parameters.
